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In this paper, we investigate various fourfold Wold-type decompositions of 
stationary random fields under different hypotheses of commutation properties. 
Spectral characterizations of the three multiplicities of the innovation subspaces are 
obtained. The equivalence relations between the weak commutation property, four- 
fold Weld-type decomposition, and quarter-plane moving average representation 
are proved. A complete spectral characterization of the weak commutation property 
is also given. 0 1991 Academic Press. Inc. 
The Wold decomposition is of basic importance in the prediction theory 
of one-dimensional stationary processes. However, for the random fields we 
have to assign different meaning to the “past” and “future” in different 
prediction problems. Hence, different definitions of the “past” will lead to 
different Wold-type decompositions. In [l, 23, Chiang takes the half-plane 
as the “past” and obtains a twofold Wold-type decompositions. A little 
later, Pinsker, Helson, and Lowdenslager [3-53 work with the augmented 
half-plane (AMHP) prediction problems and obtain a three-fold Wold 
decomposition of a random field. Recently, Kallianpur, Mandrekar, and 
Soltani [6, 71 take quarter-plane (in the southwest corner) as the “past” 
and obtain a fourfold Wold decomposition of a random field. Twofold 
decomposition is more simple and more basic. In particular, the half-plane 
innovations have played an important role in the prediction theory of 
random fields. More recently, Kallianpur, Miamee, and Niemi [S] have 
studied various linear prediction problems for stationary random fields. 
They develop spectral theory corresponding to [6]. Many fourfold Wold- 
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type decompositions are strongly connected with the commutation proper- 
ties of the horizontal and vertical projections. Under these commutation 
assumptions, Kallianpur and Mandrekar [ 63, Kallianpur, Miamee, and 
Niemi [S] have undertaken a time domain analysis of random fields and 
obtained different fourfold Wold-type decompositions. 
In the present paper, we make a further study of the fourfold Wold 
decompositions and its related spectral theory. In Section 1, we list some 
fundamental projection lemmas which will be used throughout this paper. 
In Section 2, we study various fourfold Wold-type decompositions under 
different hypotheses of commutation property. In particular, for AMHP 
nonsingular random fields, a specific fourfold Wold decomposition is 
derived even without any assumptions about commutation properties. In 
Section 3, we turn to the multiplicity questions of [6, 81. By using the spec- 
tral representation theorems about half-plane innovations and its singular 
components [9, Theorem 3.21, we obtain spectral characterizations of all 
three multiplicities of a stationary random field. 
In section 4, we investigate the relations between commutation proper- 
ties and fourfold decompositions. For any AMHP nonsingular field, we 
prove the equivalence relation between the weak commutation property 
and a specific fourfold decomposition of the random field. 
Finally, Section 5 is devoted to the quarter-plane moving average 
representations. It is proved that every horizontal and also vertical half- 
plane regular random field {X(m, n)} possesses the following quarter-plane 
moving average representation: 
X(m,n)= f astvrn-&n--f, 
s,t=O 
where hJm,.=o, kl, +2 ,.__ is a two-dimensional white noise such that 
L,(x : k) n L,(x : I) = L,(tj : k) n L*(q : I) 
if and only if {X(m, n)} possesses the weak commutation property. 
Using the canonical half-plane moving average representation of half- 
plane regular field [12, Theorem 81, a complete spectral characterization 
of the weak commutation property for AMHP nonsingular field is also 
given. 
1. ELEMENTARY LEMMAS 
In this section, we list some fundamental projection lemmas which will 
be used throughout this paper. 
Let H be a Hilbert space and A, B, and A, (k = 1,2, . ..) be its subspaces. 
P, will denote the projection of H onto A; S= &CD Ak will denote the 
683/37/l-4 
ifAk (k= 1,2, . ..) is an increasing sequence of subspaces of H, then 
lim P,, = P,; 
k-rm 
ifAk (k= 1,2, . ..) is a decreasing sequence of subspaces of H, then 
lim P,, = P,. 
k-m 
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direct sum of the sequence of mutually orthogonal subspaces A, 
(k = 1, 2, . ..). lJ=‘& A, will denote the closure of the union of the 
sequence of subspaces Ak (k = 1,2, . ..) and D = nk A, will denote the inter- 
section of the sequence of subspaces A, (k = 1,2, . ..). 
LEMMA 1. Zf A, (k = 1,2, . ..) is a sequence of mutually orthogonal 
subspaces of H, then 
ps=cLk 
k 
LEMMA 2. Zf P,P,= P,P, then P,P,= P,P, = PAnB and P,(A) = 
A n B. 
LEMMA 3. Suppose that B= C,@ Bk, then P, commutes with P, 
(k=1,2,...)ifandonlyifAnB=~,@(AnBk)andP,P,=P,P,. 
LEMMA 4. Let A = xi@ Aj, B= Ck@ B,. Zf P,, commutes with P,, 
(j, k = 1, 2, . ..) then A n B = xj,k @ (Aj n Bk), P, commutes with P,, 
(j= 1, 2, . ..) P, commutes with PBlr (k = 1, 2, . ..) and P, commutes with P,. 
Consider a stationary random field {X(m, n)}. Then the closed linear 
manifold L(x) spanned by all X(m, n): m, n = 0, &- 1, f2, . . . is a Hilbert 
space. V, and VZ will denote the respective horizontal and vertical shift 
operators of the stationary random field {X(m, n)}. By spectral theorem, 
we have, for 4 P) E L&xcI,pj 
(1.1) 
(1.2) 
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where dZ,(I, p) and dF,(I, p) are the corresponding random spectral 
measure and spectral measure of the stationary field (X(m, n)}. 
LEMMA 5. Let A4 be a subspace of L(x). Then P, commutes with V,, 
(k= 1,2) ifand only ifM= Vk{M} (k= 1,2). 
LEMMA 6. Suppose A is a bounded linear operator on L(x). Then A 
becomes a projection operator and AT/, = V,A (k = 1,2) if and only if there 
exists a two-dimensional Bore1 set M* such that 
A 4 u) dZ,(k CL) = jjM* h(4 ~0 dZ,(A PL) (1.3) 
for W P) EL~&,~). 
When the condition (1.3) is satisfied 
where 
A=P,, (1.4) 
LEMMA 7. Let P, (k= 1,2) be projection operators of L(x). If 
V,(M,} = Mk (I= 1,2; k = 1,2), then by Lemma 5 and 6, 
= 
ff NJ, PL) dZ,(h cl) (k = 1,2) (1.6) ‘e 
provided that h(l, p) E LiFXCl+). Hence P,, PM, = P,, P,, = P,, nMq, and 
moreover 
W> P) dZ,@, P) = jj- 44 P) dZ,(h ~1, (1.7) 
M;nM; 
whenever h(A, p) E L&X,(I,p,. 
2. FOURFOLD WOLD-TYPE DECOMPOSITIONS 
In this section, we study various fourfold Wold-type decompositions 
under different hypotheses of commutation property. 
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Let {X(m, n)} be a stationary random field. We now introduce the 
following subspaces of L(X): 
- 
L,(x:s)=SP(X(m,n):m<s, -cn<n<co>, 
- 
L,(x : t) = SP{X( m,n):--oo<m<m,nbt}, 
L,(x:-co)=r)L,(x:s) (k = 1, 2). 
(2.1) 
(2.2) 
(2.3) 
THEOREM 2.1. Let 
W-4 n) = P IUX) 0 h(x:--m)} n {L(x) 8 L&r:-m)} x(m, n), (2.4) 
Mm, n) = P {L(x) 0 Lk(x:--m))nL,~~(x:-co) Xh n) (k = 1, 2), (2.5) 
pb, n) = P L,(x:--co)~t2(x:--a,)X(m, n). (2.6) 
Then 
x(4 n) = 5h, n) + ilh n) + Mm, n) + dm, n), (2.7) 
L(x)=L(r)oL(r,)oL(r,)oL(P), (2.8) 
L(t)= (L(x) 0 L,(x :-a)> n {L(x) 0 Ux :--cx))}, (2.9) 
L(ck)= {L(x) 0 L,(x :-co)} n LX--A(x :-CO) (k = 1,2) (2.10) 
L(p)=L,(x:-co)nL,(x:-co). (2.11) 
Proof. We have 
V,(Lj(X :-al)} = Li(X :-al) (j=1,2;k=1,2) (2.12) 
By Lemma 7, we know the projection operators PLIcX :--a)J, PL2(X :-ooj, 
P L(x) 0 Ll(X :-co)) and P L(XI o Ll(X :-m) are mutually commutable. Hence (2.8) 
follows from Lemma 4 immediately. Consequently, the other assertions of 
the theorem are evidently true. Q.E.D. 
According to [9], we consider the vertical half-plane innovations of a 
stationary random field (X(m, n)}: 
YAS, t)=X(s, t)-pL*(x:t--l)X(S, t). (2.13) 
For fixed t, the stationary sequence { Y,(s, t)>,=, +1 +z _,, possesses the 
Wold decomposition 
.- 3.. , 
YAs, t) = f c2(m, 0) tds - m, t) + MS, t), (2.14) 
??I=0 
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where (Us, f))s=~,rt~,*2,... and {W, O},~0,~1,~2.... are hnovations and 
singular component sequence of ( Yz(s, 2) } s = O, *i, &*,... , respectively. It is 
proved in [9]: 
L,(x:n)= f O{L,(x:n-k)OL,(x:n-k-l)}@L,(x:-a), (2.15) 
k=O 
sp{ YJS, t):-oo <SC co} =L,(x: t) 0 L*(x: t-l), (2.16) 
SP(Y,(s,t):--cO<s<cO~=SP(12(s,t):--03<s<~) 
Osp(& t) :-cc <s< co}, (2.17) 
sp(Y,(s, t) :--00 <s<m) =sp(q,(s, t) :-co ts<m) 
Osp(~,(s, t) :--co <s< al}, (2.18) 
xcm,n,=t;l{ f CZ(S,f)lZ(m-S,n--l)+Sl(m,n,n-l)) 
s= -a2 
+ PAN, n) + 2 ch, 0) rlAm - s, n) + Mm, n), (2.19) 
s=o 
where 
Mm7 4 n-t)=P~(62(s,n-,):-m<s<a,}X(m,n), (2.20) 
PAmy n) = PLlcx ,-,$W, n), (2.21) 
X(m , n)=X$R'(m n)fX~S)(m n) 7 9 , (2.22) 
where XiR)(m, n) and Xy'(m, n) are respective regular and singular com- 
ponents of X(m, n) about the vertical augmented half-plane (AMHP) 
prediction, 
XiR)(m,n)= 2 f c*(s, t)q,(m-s,n- t) (CA.5 0) = 0, (3 < 0)) 
t=o j=-, 
(2.23) 
X:SVm, n) = TAm, n) + f Mm, n, n - 2) + pz(m, n). (2.24) 
I=1 
Here we use “augmented half-plane (AMHP)” instead of the terminology 
“nonsymmetrical half-plane (NSHP)” which is used in [9]. 
Note that, we may consider the horizontal half-plane innovations 
AWN ~)lr=o,**,*2,... and its innovation sequence {q,(s, t)},=o,*1,_+2,,.. and 
singular component sequence {5,(s, z)},=~.+,,*~,.... 5i(m, n, m-s) and 
pl(m, n) can be defined in similar ways. 
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The above listed results (2.13)(2.24) are all related to the vertical 
AMHP prediction, their corresponding results for the horizontal case can 
be deduced from (2.13)-(2.24) simply by symmetry. 
It has been shown in [lo, p. 28-291 that 
X’R’(m n)=gR’(m n) I 3 2 (2.25) 
‘y’(m, n) = Xy’(m, n). (2.26) 
Hence, throughout the following pages we shall adopt the same notation 
XCR)(m, n) for Xy’(m, n) (k= 1,2) and also XCS’(m, n) for Xf’(m, n) 
(k = 1, 2). 
We have 
L(x) = L(X’R’) @L(P’) (2.27) 
L(x’s’)=L(~,)@L,(x :-co)=L(<*)@L&c :-co), (2.28) 
from (2.22)-(2.24). 
DEFINITION. We say that the random field {X(m, n)} has the weak 
commutation property, if 
P L,(x : m) P Lz(x : n) = PLj(.Y :n)pL,(x : WI)? for all integers m, n (2.29) 
and it has the strong commutation property, if 
where 
PL,(x:m,PLZ(x:n)=PL(x:m,n~, for all integers m, n, (2.30) 
L(x:m,n)=SP(X(s,t):s~m,t~n}. (2.31) 
It is well known that (2.29) holds if and only if 
P L,(X : m) P -P L2(x :n) - L,(x:m)nL*(r:n)~ for all integers m, n (2.32) 
and that (2.30) holds iff (2.29) holds and, in addition, 
L(x : m, n) = L,(x : m) n L,(x : n), for all integers m, n. (2.33) 
We notice that, in the following pages, we state and prove results mainly 
for the vertical case. Their corresponding results for the horizontal case can 
be deduced from them simply by symmetry. 
THEOREM 2.2. Zf {X( m, n) > is a AMHP nonsingular random field or is a 
stationary random field having the weak commutation property, then 
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(1) ~(Xcs~)=L(~,)~L(~,)OL,(x:-co)nL,(x:-co), 
Lk(~:-co)=L(~3~k)OLI(x:-co)nLL,(x:-co) (k=1,2) 
(2) L(i,) = L(L) 
L(r) = L(CR’) 3 
X(R)(m, n) = {(m, n), 
X’Ym, n) = c-l(W n) + t-z@% n) + pfw n), 
P3-k(m, n) = Mm, n) + Ph n) (k = 1, 2h 
(3) Lhn)=t*(m,n)+ f M%n,n-t), 
t=1 
(4) izb, +PL,([*:n-1}5*(m, n)=5*h n); 
i.e., { t2(m, n)} is the vertical half-plane innovations of {[Jm, n)}. 
(5) L2(12 : n) 0 L2(iz : n - 1) 
=SP{r,(m,n):-co<m<oo) 
= (Lh: n) 0 L,( x:n-l)}nL,(x:--03), 
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(2.34) 
(2.35) 
(2.36) 
(2.37) 
(2.38) 
(2.39) 
(2.40) 
(2.41) 
(2.42) 
(2.43) 
(6) (c,(m, n)} is vertical half-plane regular and also horizontal half- 
plane singular field; { p(m, n)} is horizontal and also vertical half-plane 
singular field. 
Proof: (1) (2.34) and (2.35) have been already proved in [lo, 
Proposition 1.1.8 and p. 401. 
(2) We have 
L3-k(x:-w)=L([k)OLl(x:-co)nL,(x:-~) (k = 1,2) (2.44) 
from (2.10). From (2.44) and (2.35), we obtain (2.36). Combining (2.34) 
and (2.36), we obtain 
which together with (2.8) and (2.11), implies (2.37) and (2.38). From (2.44) 
we obtain (2.40). 
(3) From (2.39) and (2.40) we obtain 
Lh n) = XYm, n) - p2(m, n), 
which together with (2.24) and (2.26), implies (2.41). 
(2.46) 
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(4) Using (2.19) and (2.41), we obtain 
LZ(h.:n-l)=LZ(~2:n-1)0L,(iz:n-1)0L,(x:-~), (2.47) 
which, together with (2.41), (2.16), and (2.17), implies 
P LZ(~*:n-l)i*(m,n)=P,,(.:.-l,r* (m,n)= $ (z(m,n,n-t). (2.48) 
t=1 
Applying the above to (2.41), we obtain (2.42). 
(5) Using (2.42), (2.35), (2.16), and (2.17), we obtain 
L*(12 : n) 0 L2(iz : n - 1) 
=sP{t2(m, n) :-co Cm< c0} 
c {LZ(X : n) 0 L,(x : n- l)} n L,(x :-CO) 
E[SP{q,(m,n):-co<m<co}@SP{<,(m,n):-oo<m<o0}] 
c-l c{LK*)ouP)~l. (2.49) 
Since L(r2), L(p), and L([,) are mutually orthogonal, we must have 
[SP{q2(m, n) :--co Cm< c0> 
oSP{S,(m,n):-co<m<oo}lnCL(5,)0L(p)l 
=SP{t,(m, n) :--co Cm< a}. (2.50) 
From (2.49) and (2.50), (2.43) follows immediately. 
(6) We have 
L*(L : n) = L(52 : n) (2.51) 
from (2.41) and (2.42). From (2.51), it follows that {[,(m, n)} is a vertical 
half-plane regular field. By (2.5), 
L1(c2 : m) = P L,(x :-m)r, (L(X) 0 L2(.r :-CD,) L,(x : m). (2.52) 
Using Lemma 2, we can verify that {12( m, n)} is also a horizontal half- 
plane singular field. Similarly, we can prove the other assertions of (6). 
Q.E.D. 
COROLLARY. If (x( m, n)} is a stationary random field having the weak 
commutation property, then 
Lk(5 : n) 0 Lk(5 : n - 1) 
= [L(x) 0 L3-k(x :-co)] n [LA(x : n) @ Lk(x : n- l)] (k= 1,2) 
(2.53) 
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{L,(t : m) 0 L(5 :m-l))n(&(<:n)GL,(5:n-1)) 
= {L,(x : m) 0 L,(x : m - l)} n {L,(x : n) 0 L,(x : n - l)}. (2.54) 
(r(m, n)> is a horizontal and also a vertical half-plane regular field. 
Prooj Using Lemma 2 and Lemma 3, and remembering that {X(m, n)} 
has the weak commutation property, we obtain all the assertions of the 
Corollary. 
EXAMPLE. Let {X(m, n)} be a stationary random field having spectral 
density: 
(2.55) 
It is easy to verify that (X(m, n)> is horizontal and also vertical half- 
plane regular but is AMHP singular. Thus cl(m, n) = c,(m, n) = p(m, n) = 0, 
((m, n) = X(m, n), and L(t,) = L(<*) = L(x). All the assertions (l)-(5) of 
Theorem 2.2 (except (2.40)) no longer hold. Hence this stationary random 
field does not possess the weak commutation property. 
THEOREM 2.3. Every AMHP nonsingular random field {X(m, n)} pos- 
sesses the following fourfold decompositions: 
L(x)= fJ 0 C(W) 0 L( x:-co)}n{l,(x:k)O&(x:k-l)}l 
k= --OD 
@ f @fk(l)@ f @zk(2)@&(x :-m)n&(x:-a), 
k= --co k= -m 
where 
Zk(j)= {Lj(X 1 k) @ Lj(X : k- l)} n L,-j(X 1-a) 
(j=1,2;k=O,&l,f2 ,... ). 
Proof: By Theorem 2.1, 
L(x) = {L(x) 0 L,( x :--co)} n {L(x) 0 L,(x :-W)} 
@u~,)@uL)@uP). 
From Theorem 2.2.(6) and (2.43), we have 
L(i2) = f @zk(2)* 
k= --oo 
(2.56) 
(2.57) 
(2.58) 
(2.59) 
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Similarly, we have 
k= -1. 
From (2.10) and (2.59), we obtain 
(L(x) 0 L,(x :-co)} f-l L,(x :---co) 
(2.60) 
=~=~mO({~~(~:k)OLl(x:k-l)}nLl(x:-~)), (2.61) 
Since 
L(x)@L,(x:-co)= f @{L,(x:k)@L,(x:k-1)}, (2.62) 
k= -m 
and P L(x) o Lz(x:-aao commutes with PL,(x:--oo), we have 
P Lz(x:k)@&(x:k-1) P Ll(s:-m) 
= PL*(x:-m)P LZ(x:k)@(x:k-1) (-ao<k<co) (2.63) 
from Lemma 3. Hence PLzcx :kJ o L2Cx: k- r) also commutes with 
P LCxj o L,Cx :-mj for k = 0, + 1, k2, . . . . Again, by Lemma 3, 
{L(x) 0 L,(x :-co)} n (L(x) 0 L,(x :-m)} 
=k~~m@(jL2(x:k)~L,(x:k-l)}n{L(x)~L,(x:-m)}). 
(2.64) 
From (2.58)-(2.60) and (2.64), we obtain the fourfold decompositions 
(2.56) at once. Q.E.D. 
We note that, since Theorems 2.1 and 2.2 hold for all stationary random 
fields having the weak commutation property, so Theorem 2.3 also holds 
for all such random fields. However, for stationary random fields having 
the weak commutation property, we can prove the following more refined 
fourfold decomposition: 
L(X)= f @(L,(x:k)O&(x:k-1)) 
k,l= -co 
n~L,(x:I)OL,(x:I-1)}0 f @zk(l) 
k= --m 
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THEOREM 2.4. Every stationary random field {X(m, n)} having the weak 
commutation property possesses the fourfold decomposition (2.65). 
Proof: We have 
{L(x) 0 L,(x :-a)} n {L(x) 0 L,(x :-al)} 
= ~=~~OlLi(X:k)eL,(x:k-l)l} 
i 
n f O[L*(x:I)@L*(x:/-l)] 
I= -cc 
(2.66) 
By the weak commutation property, it is easy to verify that 
P L,~x:k~BL,~x:k-l~ commutes with PL2~x:~~eL3~x:I-l~ for k, l=O, fl, f2, . . . . 
Applying Lemma 4 to (2.66), we obtain 
{L(x) 0 L,(x :-co)} n {L(x) 0 L,(x :-co)} 
=k ,F-,.@ {,5,(x: k) 0 L,(x : k- l)} n (,5,(x : I) 0 L,(x : I- l)}, 
(2.67) 
which together with (2.58), (2.59), and (2.60) implies (2.65). Q.E.D. 
3. MULTIPLICITY PROBLEM 
In the fourfold decompositions (2.56) and (2.65), the innovation sub- 
spaces I&): k = 0, +l, f2, . . . have the same dimension, and we will denote 
it by Mj. As for the joined innovation subspaces, 
Zkl= {L,(x : k) 0 L,(x: k- l)} n {L,(x : I) 0 L,(x : I- l)}, 
k, 1 = 0, + 1, +2, . . . . (3.1) 
they also have the same dimension, and we will denote it by M,. 
In this section, we present the spectral characterization of the multi- 
plicities M, , Mz, and MO. We need the following Lemma. 
LEMMA. tit %thn=o,+l,f2,... be a stationary sequence with spectral 
measure dF,(I). Then dim(SP(Z, : m = 0, kl, +2, . ..)} = N < co, zf and 
only if the spectral measure dF,(Iz) over --A <A < 71 is concentrated on 
exactly N (N < 00) points of the interval -n < A < TT. 
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It is easy to prove the above lemma, we omit its proof from the present 
communication. 
THEOREM 3.1. Suppose ( X( m, n ) } is AMHP nonsingular random field. 
Let dv,(A) be the singular part of the measure dF,(i, 7~) w.r.t. d1 and let 
dvz(p) be the singular part of the measure dF.,(n, ,u) w.r.t. dp. Then M, < CC, 
(k= 1,2) vf the measure do,-, over the set d3 _ k is a discrete measure and 
is concentrated exactly on Mk (M,< 03) points of 6,-,. The set 6, and 6, 
are defined as 
I I 
<cc. (3.2) 
I I 
<cc. (3.3) 
Proof. By (2.57) and (2.43), 
Z,(2) = (L,(x : n) 0 L,(x : n- 1)) n L,(x :--co) 
= sP{ tz(m, n) :-cc < m < a}. (3.4) 
Since the spectral measure of the stationary sequence {<,(m, n)),=0,,,,,2,... 
is dF,,(I, n), using the above lemma, we obtain that M2 < 00 if and only 
if the measure dF<,(,I, z) over - x < A < n is concentrated on exactly M, 
(M,tco) points of -n<i<z. 
It has been shown in [9, Theorem 3.21 
Fd A) = 11 MQI’ AM(K,~G~)~(-~,~) lC,“=o #Aa) exp(-ikA)12 dFx(n’ “’ (3’5) _ 
where M is the support of the singular part of dFX(ll, p) w.r.t. dFJ1, n) dp, 
6, is defined by (3.2), and K, is the support of the measure du,(l). 
q&(A): k = 0, 1,2, . . . are determined as follows: 
From (3.5) we obtain, after some easy reduction, 
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By (3.6), for 1~6,, 
P.P. (&I, 
which, together with (3.7), implies that 
F&, n) = ja (2~) &@)I2 I,, du,(l). 
--II 
We note that for ,I E 6 1, 
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(3.8) 
(3.9) 
(3.10) 
A comparison of (3.9) with (3.10) shows that the measure dF<,(,I, 7~) is con- 
centrated on exactly M2 (M2 < co) points of - rt < 1~ rz if and only if the 
measure du,(l) over the set 6, is concentrated exactly on M2 (M2 < co) 
points of J1. Therefore, M2 < cc if and only if the measure du,(,I) over the 
set 6, is a discrete measure and is concentrated exactly on M, (M, < cc ) 
points of 6 1. 
Similarly, we can prove M, < cc if and only if the measure du2(p) over 
the set a2 is a discrete measure and is concentrated on 44, (M, c co) points 
of 82. 
Theorem 3.1 is proved. Q.E.D. 
THEOREM 3.2. Suppose (X(m, n)f is a AMHP singular random field 
having the weak commutation property. Then M, c 00, iff the measure 
dF,(q p) over the set 6, is concentrated exactly on M, (M, -C co) points of 
6,; M, < co, iff the measure dF,(J, n) over the set 6, is concentrated exactly 
on M, (M, < co ) points of 6 1. 
ProojI Under the hypothesis of our theorem, it has also been shown in 
[9, Theorem 3.23: 
F,,(A) = jj 
I4dU’ 
AM61a,rC--n,n~ I~,“=,d,(~)exp(-ik~)12dFx(~‘~)’ (3*11) _ 
Arguing with (3.11) as we did with (3.5) we conclude that M2 < co if and 
only if the measure dF,(& z) over the set 6, is concentrated exactly on M2 
(M, < co) points of 6,. Similarly, we can prove M, < cc if and only if the 
measure dF,(z, p) over the set a2 is concentrated exactly on M, (MI -C co) 
points of a2. Q.E.D. 
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COROLLARY. Suppose (X(m, n)} is a stationary random field having the 
weak commutation property. 
(i) Zf (X(m, n)). is horizontal half-plane regular and also vertical half 
plane singular, then in order to have M, < co it is necessary and sufficient 
that the measure dF,(q u) over the set 6, is concentrated exactly on M, 
(M, < 00) points of 6,. 
(ii) Zf { X(m, n)} is horizontal half-plane singular and also vertical 
half-plane regular, then in order to have M, c 00 it is necessary and sufficient 
that the measure dF,(I, n) over the set 6, is concentrated exactly on M, 
(M2 < co) points of 6,. 
Proof By the hypothesis of the corollary we have {(m, n) = 0. Hence 
our corollary follows from the above theorem immediately. Q.E.D. 
The above corollary has already been proved in [8, Theorem 4.31. 
THEOREM 3.3. (i) For any stationary random field {X(m, n)}, M,< 1. 
(ii) Zf the stationary random field {X(m, n)} has the weak commuta- 
tion property, then { X(m, n)} is AMHP singular iff MO = 0, and is AMHP 
nonsingular iff M, = 1. 
Proof: (i) Suppose M,=dim{Z,,} ~0. Let n&r): r= 1, M, be a 
complete set of orthonormal bases of the subspace I,, and let 
rlmn(r) = CY {h(r)}, r= 1, M,;m,n=O, fl, f2, . . . . (3.12) 
where V, and Vz are the respective horizontal and vertical shift operators 
of the stationary field { X(m, n) >. 
There exists a square summable function #,(A, p) w.r.t. dF.JL, u) such 
that 
m,n=O +l +2,..., ,-,- (3.13) 
whence 
m,n=O, fl, +2, . . . . (3.14) 
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When T#S, the left-hand side of the above equality is identically zero, we 
therefore must have 
4,(k Pu) 4,(4 10 dF,(A PL) = 0 (r # s). (3.15) 
Using (3.14) and remembering that (q,,(r)>: m, n=O, +I, i2, . . . is a 
two-dimensional white noise, we have 
which, together with (3.15), implies M, < 1. 
The first half of (ii) is direct consequence of Theorem 2.4 and (2.38). The 
sufficiency part of the second half of (ii) is evident. 
Evidently, the necessity part of the second half of (ii) follows 
immediately from (i) and the first half of (ii j. Hence the theorem is proved. 
Q.E.D. 
Remark. (i) If {X( m, H)} is a stationary random field having the weak 
commutation property and if {X(m, n)} is horizontal and also vertical 
half-plane regular (i.e., H,Jx :-co) = (0), k = 1,2) then it follows from 
Theorem 2.4 that {X(m, n)} must be a strongly regular random field (for 
the definition of strong regularity, we refer to [7]). 
(ii) There exists a AMHP regular field not having the weak com- 
mutation property. This is evidenced by the fact that an example has been 
given in [ 111 to show there exists a AMHP regular field which is strongly 
singular. 
(iii) It has been proved in [8, Theorem V.l ] that, for every 
stationary random field having the strong commutation property we have 
MO = 1, if and only if <(m, n) # 0; otherwise, M, = 0. 
4. WEAK COMMUTATION PROPERTY AND FOURFOLD DECOMPOSITION 
By Theorem 2.3, every AMHP nonsingular field (X(m, n)> possesses the 
fourfold decomposition (2.56). If {X( m, n)} also possesses the fourfold 
decomposition (2.65), then a comparison of (2.56) and (2.65) shows that 
f 0 C&(x : k) 0 L2(x : k - l)] n [L(x) 8 15,(x :-co)] 
k= -co 
= f @[L,(x:k)OL,(x:k-l)]n[L,(x:/)@L,(x:f-l)], 
k,I= --oo 
(4-I) 
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whence 
C&(x : k) 0 L,(x : k- l)] n [L(x) 0 L,(x :-a)] 
=,=gm 0 [15,(x : k) 0 15,(x : k- l)] n [L,(x : I) 0 L,(s : I- l)] 
(k=O, fl, f2 ,... ). (4.2) 
Using the above equality and remembering that in the proof of 
Theorem 2.3 it has been proved that PLzfx : k, o LzCI : kP i) commutes with 
P L(x) 0 L,(x :-co)) we therefore have, by Lemma 3, 
P P L~(s:k)eL2(x:k-l) L,(x:/)O(x:I-1) =P Ll(X : I) 0 L,(x : I- 1) P L&t : k) 8 L~(x : k - I ) 
(k, I=O, fl, +2, . ..). (4.3) 
which implies that PLICx :,,) commutes with PLICx :,,; i.e., {X(m, n)} has 
weak commutation property. We shall now formally restate what has been 
proved. 
THEOREM 4.1. Suppose { X(m, n) } is a AMHP nonsingular random field. 
Then { X(m, n)} has weak commutation property if and only $ it possesses 
the fourfold decomposition (2.65 ). 
5. COMMUTATION PROPERTY AND THE QUARTER-PLANE 
MOVING AVERAGE REPRESENTATION 
Suppose {X(m, n)} is a non-vanishing (i.e., E{ IX(m, n)l”} > 0) 
stationary random field. If (X(m, n)> is a horizontal and also vertical 
half-plane regular field having the weak commutation property, then by 
Theorems 2.4 and 3.3 we have 
L(x)= f @I,, 
k,l= -cc 
(5.1) 
and M, = 1. In I,, we choose an element ‘loo with unit norm, and let qmn = 
Vy V: {Q,,,}. Then tf,,: m, n = 0, +l, f2, . . . is a complete set of ortho- 
normal bases in L(x) and we have 
X(m,n)= f astvm-s,n-r. (5.2) 
s,t=O 
Moreover, 
L,(q : k) n L& : 1) = L,(x : k) n L,(x : I) (k,l=O, 51, i2, . ..). (5.3) 
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Hence, we have proved that, for every non-vanishing horizontal and also 
vertical half-plane regular random field {X(m, n)}, if the random field 
{X(m, n)} has the weak commutation property, then it possesses the quar- 
ter-plane moving average representation (5.2) in which { qmn I,,, = ,,, *1, _+2, , _ 
is two-dimensional white noise and (5.3) holds. Conversely, if a non- 
vanishing horizontal and also vertical half-plane regular field {X(m, n)} 
possesses such quarter-plane moving average representation, then from 
(5.2), it follows that (X(m, n)} is a strongly regular field. Since {X(m, ?I)} 
is non-vanishing, it must be a AMHP nonsingular random field. 
Using (5.2), (5.3) and remembering that {q,,} is a two-dimensional 
white noise, we have 
VklE Ikl (k, l=O, &l, f2, . ..). 
which, together with (5.2), implies that 
(5.4) 
L(x)= 2 @I,,. 
k,l= --a, 
(5.5) 
Thus the AMHP nonsingular random field (X(m, n)} possesses the 
fourfold decomposition (2.65). By Theorem 4.1, {X(m, n)} has the weak 
commutation property. We have proved the following theorem: 
THEOREM 5.1. Suppose (X(m, n)} is a non-vanishing horizontal and also 
a vertical half-plane regular field. Then (X(m, n)} has weak commutation 
property tf and only if it possesses the quarter-plane moving average 
representation 
X(m,n)= f wm-s,n-t, (5.6) 
s,t=o 
where (?I,,,~} is two-dimensional white noise such that 
I,,(? : k) n Lz(n : 1) = L,(x : k) n L,(x : 1) (k, l=O, &l, f2, . ..). (5.7) 
From the above theorem, it follows immediately the following: 
THEOREM 5.2. Suppose (X(m, n)} is a non-vanishing horizontal and also 
a vertical half-plane regular field. Then {X(m, n)} has the strong commuta- 
tion property tf and only if it possesses the quarter-plane moving average 
representation 
X(m,n)= f asttlm-s,n--rr (5.8) 
s,t=O 
603/37/1-S 
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where {qm,,} is two-dimensional white noise such that 
L(q : k, I) = L(x : k, I) (k, I=O, 1fi1, +2, . ..). (5.9) 
Remark. (1) For AMHP regular field, Theorem 5.2 has been proved 
in [lo]. 
(2) We mention a result about the half-plane moving average 
representation [ 12, Theorem S]: 
Suppose {@m, n)> is a vertical half-plane regular field. Then (X(m, n) } 
possesses the following canonical half-plane-moving average representation: 
where {umn} is two-dimensional white noise such that 
L,(u : I) = L,(x : 1) (Z=O, fl, f2, . ..) (5.11) 
if and only if { X(m, n)} possesses positive spectral density f,(n, p) > 0, p.p. 
Cdl 41. 
When the condition is satisfied, we have 
t!. .!, 
c,, exp{ - W + tp)} = ri+Yk cL), 
where 
(3) Using the above canonical half-plane moving average representa- 
tion of half-plane regular random field and remembering that MO = 1 for 
every AMHP nonsingular field having the weak commutation property, 
we obtain the following complete spectral characterization of the weak 
commutation property. 
Let {X(m, n)} be a AMHP nonsingular field with the spectral measure 
dF,(I, ,u), and let f,(& flu) be the Radon-Nikodym derivative of dF,(L, p) 
w.r.t. dA dp. Then {X(m, n)} has the weak commutation property iff 
MI(P) r:(A Pu) = MAA) f,*(A PI, P.P. (dA &)> (5.15) 
where M,(p) and M*(A) are Bore1 measure functions with unit modulus, 
and r:(,I, p) is analogously defined from (5.13) and (5.14) simply by 
symmetry. 
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We remark that, it has been proved in [ 10, Theorem 2.2.11 that an 
AMHP nonsingular field has the weak commutation property with M,, = 1 
iff the condition (5.15) holds true. 
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